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ON THE HILBERT FUNCTION OF THE UNION OF
TWO LINEAR STAR-CONFIGURATIONS IN P?

YoNG Su SHIN*

ABsTRACT. It has been proved that the union of two linear star-
configura- tions in P? of type t x s for 3 <t < 9and3 <t < s
has generic Hilbert function. We extend the condition to ¢t = 10, so
that it is true for 3 < ¢ < 10, which generalizes the result of [7].

1. Introduction

In recent years Hilbert functions and minimal free resolutions of star-
confi- gurations have been extensively studied (see [1, 7, 8]) but those
of fat star-configurations are in a stage of exploring. In this paper, we
discuss the Hilbert function of the union of two linear star-configurations
in the 2 dimensional projective space P? over an algebraically closed field
k of an arbitrary characteristic. Let R = k[zg,z1,...,z,] be an (n + 1)-
variable polynomial ring over a field k£ and let I be a homogeneous ideal
of R (or the ideal of a subscheme in P"). Then the numerical function

H(R/I,t) := dimy, Ry — dimy, I;

is called a Hilbert function of the ring R/I. If I := Ix is the ideal of a
subscheme X in P, then we denote the Hilbert function of X by

H(R/[X, t) = Hx(t).

It has been also in question to find the vector space dimension of the
graded components of coordinate rings of subschemes X in P, that is,
the Hilbert function of X (see [2, 3, 4, 5, 6]).

To introduce fat star-configuration and star-configuration, we start
with a variety of some specific ideal of R. In [1], the authors proved that if
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Fi,Fs, ...,
F, are general forms in R with r > 2, then
ﬂl§i<j§r(ﬂa’F]b) = (ﬁla e aﬁr)a

where

F]: H:?‘%IFLG '(Fj-l-l"'FT‘)bia for jzl,...,T', 1§a§b

J

The variety X in P” of the ideal

(Fioo o B = Micicjer (FEFP)
is called a fat star-configuration in P™ of type (r,a,b) defined by general

forms Fy ..., F,. In particular, if a = b = 1 then we simply call X a star-
configuration in P of type r defined by general forms F ..., F,.. Further-
more, if F, ..., F, are all general linear forms, then X is called a fat linear

star-configuration of type (r,a,b). If X is a fat linear star-configuration
of type (r,1,1), then we simply call X a linear star-configuration of type
r.

In [8], the author studied the relation between the dimension of se-
cant varieties Sec, (Split;(P™)) to the variety of completely decomposable
forms in R and the Hilbert function of the union X of two linear star-
configurations in P? of type ¢ x s, and showed that

1. X has generic Hilbert function for 3 <¢ <9 and 3 <t < s, and
2. the secant variety Sec;(Split;(P™)) to the variety of completely
decomposable forms in R is not defective for d > 3.

We therefore focus on extension of the result (1) in Section 2 and prove
that the Hilbert function of the union X of two linear star-configurations
in P2 of type t x s, and that X has generic Hilbert function when 3 <
t < 10 and 3 < t < s (see Corollary 2.3). More precisely, we use
lines vanishing on multiple points to apply Bezéut’s theorem. This is a
different idea from [7], which allows us to expand the result of [7].

2. The Hilbert function of the union of star-configurations
in P?

Let X := X&) be the union of two linear star-configurations X; and
Xo in P2 of types t and s (type t x s for short), defined by general linear
forms My, ..., My and Ly, Lo, ..., Lg for 3 <t < s, respectively, and let
Y := X®35=1) be the union of two linear star-configurations Y; = X; and
Y; of type ¢ x (s — 1) defined by linear forms My, ..., M; and Lo,..., Ly,
respectively. Note that Yo C Xy and Y C X.
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The linear forms create points and lines in P? : Qi,j is a point in
Xy defined by linear forms M; and M;j; P; ; is a point in Xy defined by
linear forms L; and L; with 7 < j; I; and M are lines defined by linear
forms L; and Mj for i = 1,...,s and j = 1, ..., 10, respectively. We define
G := Ly -- Lg, a product of (s — 1) linear forms, and L := L.

In this section, we shall prove that the Hilbert function of the union
of two linear star-configurations in P? of types 10 and s with s > 10 has
generic Hilbert function. The proof is based on mainly two ideas. The
first idea is that if X’ is the union of two finite sets of points defined by
linear forms My, ..., My and Ly, Lo, ..., Ls in R (not necessarily general),
respectively, then the points in X are more general than the points in X'.
This implies for every 4 > 0 we get

Hx (1) < Hx(4).
The second idea is Bezout’s Theorem in P? to find the union X' of two
sets of points defined by linear forms M,..., M; and Ly, Ly, ..., Ls in
R, respectively, such that
Hx(i) = Hx(i)
= min{[X|, (*}?)} for some i>0.
In other words, if a form F' of degree d in R vanishes on (d + 1)-points
on the line defined by a linear form M in R, then F' is divided by the
linear form M. Throughout this section, we shall not distinguish X from

X' for convenience. For the rest of this section, we shall often use the

following exact sequence.
(2.1)
0 - R/Ix — R/Iy®R/(L,G) — R/(Iy,L,G) — 0.

PROPOSITION 2.1. X := X(10:10) hag generic Hilbert function.
Proof. By [7, Theorem 3.8] and equation (2.1),

12-th
H(R/Ix,—) : 1 3 66 78 B 90 —,
H(R/Iy,—) : 1 3 66 78 81 81 —»,
H(R/(L,G),—) : 1 2 9 9 9 9 -
H(R/(Iy,L,G),—) : 1 2 9 9 4 0 -,
H(R/(Iy,L),—) : 1 2 .-~ 11 12 3 0 -,

where 3 and « are unknown. Hence it suffices to show that g = 90, that
iS, dimk(Ix)lg =1.

Let X; and Xy be finite sets of 45 points defined by Ly, Lo, L3, Ly, L5, Lg,
L77 L87 L97 LlU) and M17 M27 M37 M47 M57 M67 M77 M87 M97 MlU) respec-
tively, where L; and Mj are linear forms (see Figure 1), and X := X; UX,.
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FiGURE 1

As shown in Figure 1, we have that

L1 vanishes on 13 points P1,27P1,3,P1,4,P1,5,P1,6,P1,7,P1,8,P1,9,P1,10,
Ql,?; QI,S, Q2,37 Q4,57

Lz vanishes on 12 points Pz,g,P2,4,P2,5,P2,6,P2,7,Pz,g,Pg,g,Pz,lo,QLz;,
Q3,5,Q3,6,Q5.6,

L3 vanishes on 11 points Ps 4, P35, P36, P37, P33, P39, P3,10,Q26, Q2,7,
Q3,4, Q6,77

L4 vanishes on 10 points P4,5,P4,6,P4,7,P4,8,P4,9,P4,10,Q1,7,Q1,8,Q2,4,
Q7,87

L vanishes on 9 points P5,6,P5,7,P5,g,P5,9,P5,10,Q2,8,Q4,7,Q4,9,Q7,9,

Le vanishes on 8 points  Ps,7, Ps.s, Ps,0, Ps,10,@3,9, Q6,8, Q6,10, Qs,10,

Mo vanishes on 7 points  Q1,10,@2,10, @3,10, @4,10, @5,10, @7,10, Qo,10,

Ms  vanishes on 6 points  Prg,Q15,Q2,5,R@5,7,Q5,8, @59,

My  vanishes on 5 points  Prg,Q1,9,Q2,9,Q6,9, @s,9,
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Lio vanishes on 4 points  P7 10, Ps,10, Ps,10, Q4,8,
Ms;  vanishes on 3 points Pg9,Q3,7, @33,
Mg  vanishes on 2 points  Q1,6,Q4,6-

By Bezout’s theorem, for every N € (Ix)i2,
N =Ly - LgLioM3zMs Mg Mo Mg

for some « € k. Thus
dimk(Ix)lg = 1,
which completes the proof. ]
THEOREM 2.2. X := X(10:5) has generic Hilbert function for s > 10.
Proof. By Proposition 2.1, this theorem holds for s = 10. Now assume
s > 11. We shall prove these with 5 cases.
Case 1. Let 11 < s < 14. First assume s = 11. By Proposition 2.1,

12-th
66 78 B 100

66 78 90 90
10 10 10 10
10 10 v 0
11 12 12 0

Vil

where 3 and «y are unknown. Hence it suffices to show that g = 91, that
iS, dimk(Ix)lg = 0.
As shown in Figure 2, we have that

L1 vanishes on 13 points P172, P173, P174, P1’5, P176, P1’7, Plyg, Pl’g,
P10, Pri1,Q1,2,Q1,3,Q2,3,

Ly vanishes on 12 points P 3, Po 4, Po5, Pag, Po7, P28, P29, Ps 10,
Py11,Q3,4,Q35,Q4,5,

L3 vanishes on 11 points P34, P35, P36, P37, P38, P39, 310, P3,11,
P311,Qs5.6,Q5,7,Qs,7,

L,  vanishes on 10 points Py 5, Pyg, Pa7, Pig, Pig, Piio, Paji1, Q15,
Q1,8, Q5,85

Mo vanishes on 9 points  Q1,10, @2,10, @3,10, Q4,10, @5,10, @6,10, Q7,105
Q3,105 9,10,
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Mg vanishes on 8 points (1,9, Q2,9, J3,9, Q1,9, @59, D69, 7,9, P39,
Ls  vanishes on 7 points  Psg, P57, Psg, P59, Ps 10, P511, Q1,6,
L¢  vanishes on 6 points Py 7, Ps g, P59, Ps,10, Ps,11, Q1,7

Mg vanishes on 5 points  Q28, Q3,8, 4,8, Q6,8, Q7,8
L7 vanishes on 4 points P778, P7’9, P7710, P7711,

Lg vanishes on 3 points ngg, Pg’lo, P8,11a

Ly  vanishes on 2 points Py 19, P 11.

By Bezout’s theorem, for every N € (Ix)12,
N = Ole te LgMgMng

for some o € k. Moreover, since all the 10-points Pig 11, Q1,4, @24, Q2,5,
Q2,6,Q2,7,Q3,6, 3,7, Qu,6, and Q47 are not on a single line, and N has

to vanish on those 10-points, where none of Ly,..., Ly, Mg, Mg, M1 can
vanish, we see that N = 0. Therefore,
(Ix)12 = {0},

as we wished.

By the same idea as in the case for s = 11, one can show that X(
has generic Hilbert function for s = 12,13, and 14 as well. This completes
the proof for Case 1.

10,s)

Case 2. Let s = 15. It is from s = 14 that

15-th
105 120 B8 150 —,
105 120 136 136 —,
14 14 14 14 -,
4 14 v 0 -
14 15 14 0 -,

— e e
N DN DN W

where 3 and v are unknown. Since (Ix)15 C (Iy)15 = {0}, we see that
X(10:15) has generic Hilbert function, as we wanted.

Case 3. Let 16 < s < 23. We can show that X(10:5) hag generic Hilbert
function by the same ideas as in Case 1 for 16 < s < 22 and as in Case
2 for s = 23.

Case 4. Let 24 < s < 45. We first prove for the case s = 24 that X(10:24)
has generic Hilbert function. The rest of the case for 25 < s < 45 can
be also proved by the same methods and thus omitted.
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FIGURE 2

From the case for s = 23, we have

23-rd
H(R/Ix,—) : 1 3 253 276 B 321 —,
H(R/Iy,—) 1 3 253 276 298 298 —,
H(R/(L,G),—) : 1 2 23 23 23 23 o,
H(R/(Iy,L,G),—) : 1 2 23 23 4 0 -,
H(R/(Iy,L),—) : 1 2 23 23 2 0 -,
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where # and v are unknown. Hence it suffices to show that g = 300,
that iS, (IX)23 = {0}

Let P; = {Piit1,...,Pipa} fori=1,...,23. As done for the previous
case, we can make X satisfy the following:

Ly  vanishes on 24 points Py U {Q1.2},

Ly vanishes on 16 points Py U {Q1,10},
Lyo vanishes on 15 points  Pio U {Q23},

Ly7 vanishes on 8 points  Pi7 U {Q2,10},
Lyg vanishes on 7 points ~ PigU{Q34},

Ly3 vanishes on 2 points ~ Paz U{Q39},
By Bezout’s theorem, for every N € (Ix)a3,

N:OéLl---L23

for some a € k. Moreover, since N has to vanish on 22 points in Xy —

{Q12,...,Q1,10,Q23, - ,Q2,10,Q34,...,Q39}, where none of Li,...,
Los, vanishes, we see that N = 0. Therefore, (Ix)23 = {0}, as we wished.

Case 5. Let s > 46. By induction on s, R/Iy has generic Hilbert
function and thus we have

() + (&) <)+ -n= ("),

and
H(R/Iv,s —2) = min{(“)7%) + (9),(*9")}
= (P ()

Hence
H(R/Ix, —) 1 ( ﬁ)_nd ((s—g)+2)+ 120 -,
H(R/Iy,~) : 1 ED) () ) +(H) -
H(R/(L,G),—) 1 s—1 s—1 -,
H(R/(Iy,L,G),—) : 1 g 0 -,
H(R/(Iy,L),-) : 1 (%) 0 —,

where 3 and 7 are unknown.
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Moreover, since deg G = s — 1, we have
H(R/(IYa L, G)a s — 2) = H(R/(Iy,L), s — 2)
1
= (20)7
and thus
H(R/Ix,s — 2)
= H(R/Iy,s—2)+H(R/(L,G),s - 2) - H(R/(Iy,L,G),s — 2)
)+ () + -1 ()
= () +6-1
- (9,

This means that X(10:%) has generic Hilbert function, which proves Case
5, and thus completes the proof of the theorem. O

If we couple the work done in |7] with Theorem 2.2, we obtain the
following corollary.

COROLLARY 2.3. If X is the union of two linear star-configurations
in P? of type t x s with 3 <t < 10 and 3 < t < s, then X has generic
Hilbert function.

By Corollary 2.3, [7, Question 5.6] can be revised as follows.

QUESTION 2.4 ([7, Question 5.6 (revised)]). Let X := X(®%) be the
union of two linear star-configurations in P? of type t x s with 11 < ¢ < s.
Does R/Ix have generic Hilbert function?

REMARK 2.5. Indeed, we tried to answer to Question 2.4, and found
the affirmative answer for ¢ = 11 as well. But we do not introduce the
proof for ¢ = 11 in this paper because the ideas are basically the same as
for t = 10. Tt seems likely that we can prove Question 2.4 case by case
on t, but a general proof is not yet available.
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