
JOURNAL OF THECHUNGCHEONG MATHEMATICAL SOCIETYVolume 25, No. 3, August 2012ON THE HILBERT FUNCTION OF THE UNION OFTWO LINEAR STAR-CONFIGURATIONS IN P2Yong Su Shin*Abstra
t. It has been proved that the union of two linear star-
on�gura- tions in P2 of type t � s for 3 � t � 9 and 3 � t � shas generi
 Hilbert fun
tion. We extend the 
ondition to t = 10, sothat it is true for 3 � t � 10, whi
h generalizes the result of [7℄.1. Introdu
tionIn re
ent years Hilbert fun
tions and minimal free resolutions of star-
on�- gurations have been extensively studied (see [1, 7, 8℄) but thoseof fat star-
on�gurations are in a stage of exploring. In this paper, wedis
uss the Hilbert fun
tion of the union of two linear star-
on�gurationsin the 2 dimensional proje
tive spa
e P2 over an algebrai
ally 
losed �eldk of an arbitrary 
hara
teristi
. Let R = k[x0; x1; : : : ; xn℄ be an (n+1)-variable polynomial ring over a �eld k and let I be a homogeneous idealof R (or the ideal of a subs
heme in Pn). Then the numeri
al fun
tionH(R=I; t) := dimk Rt � dimk Itis 
alled a Hilbert fun
tion of the ring R=I. If I := IX is the ideal of asubs
heme X in Pn, then we denote the Hilbert fun
tion of X byH(R=IX; t) := HX(t):It has been also in question to �nd the ve
tor spa
e dimension of thegraded 
omponents of 
oordinate rings of subs
hemes X in Pn, that is,the Hilbert fun
tion of X (see [2, 3, 4, 5, 6℄).To introdu
e fat star-
on�guration and star-
on�guration, we startwith a variety of some spe
i�
 ideal ofR. In [1℄, the authors proved that ifRe
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554 Yong Su ShinF1; F2; : : : ;Fr are general forms in R with r � 2, thenT1�i<j�r(F ai ; F bj ) = ( ~F1; � � � ; ~Fr);where~Fj = Qri=1 FaiFaj � (Fj+1 � � �Fr)b�a for j = 1; : : : ; r; 1 � a � b:The variety X in Pn of the ideal( ~F1; : : : ; ~Fr) = T1�i<j�r(F ai ; F bj )is 
alled a fat star-
on�guration in Pn of type (r; a; b) de�ned by generalforms F1 : : : ; Fr. In parti
ular, if a = b = 1 then we simply 
all X a star-
on�guration in Pn of type r de�ned by general forms F1 : : : ; Fr. Further-more, if F1; : : : ; Fr are all general linear forms, then X is 
alled a fat linearstar-
on�guration of type (r; a; b). If X is a fat linear star-
on�gurationof type (r; 1; 1), then we simply 
all X a linear star-
on�guration of typer. In [8℄, the author studied the relation between the dimension of se-
ant varieties Se
r(Splitd(Pn)) to the variety of 
ompletely de
omposableforms in R and the Hilbert fun
tion of the union X of two linear star-
on�gurations in P2 of type t� s, and showed that1. X has generi
 Hilbert fun
tion for 3 � t � 9 and 3 � t � s, and2. the se
ant variety Se
1(Splitd(Pn)) to the variety of 
ompletelyde
omposable forms in R is not defe
tive for d � 3.We therefore fo
us on extension of the result (1) in Se
tion 2 and provethat the Hilbert fun
tion of the union X of two linear star-
on�gurationsin P2 of type t � s, and that X has generi
 Hilbert fun
tion when 3 �t � 10 and 3 � t � s (see Corollary 2.3). More pre
isely, we uselines vanishing on multiple points to apply Bezóut's theorem. This is adi�erent idea from [7℄, whi
h allows us to expand the result of [7℄.2. The Hilbert fun
tion of the union of star-
on�gurationsin P2Let X := X(t;s) be the union of two linear star-
on�gurations X1 andX2 in P2 of types t and s (type t� s for short), de�ned by general linearforms M1; : : : ;Mt and L1; L2; : : : ; Ls for 3 � t � s, respe
tively, and letY := X(t;s�1) be the union of two linear star-
on�gurations Y1 = X1 andY2 of type t� (s�1) de�ned by linear forms M1; : : : ;Mt and L2; : : : ; Ls,respe
tively. Note that Y2 � X2 and Y � X.



On the Hilbert fun
tion of the union of two linear star-
on�gurations in P2 555The linear forms 
reate points and lines in P2 : Qi;j is a point inX1 de�ned by linear forms Mi and Mj ; Pi;j is a point in X2 de�ned bylinear forms Li and Lj with i < j; Li and M j are lines de�ned by linearforms Li and Mj for i = 1; :::; s and j = 1; :::; 10, respe
tively. We de�neG := L2 � � �Ls, a produ
t of (s� 1) linear forms, and L := L1.In this se
tion, we shall prove that the Hilbert fun
tion of the unionof two linear star-
on�gurations in P2 of types 10 and s with s � 10 hasgeneri
 Hilbert fun
tion. The proof is based on mainly two ideas. The�rst idea is that if X0 is the union of two �nite sets of points de�ned bylinear formsM1; : : : ;Mt and L1; L2; : : : ; Ls in R (not ne
essarily general),respe
tively, then the points in X are more general than the points in X0.This implies for every i � 0 we getHX0(i) � HX(i):The se
ond idea is Bezout's Theorem in P2 to �nd the union X0 of twosets of points de�ned by linear forms M1; : : : ;Mt and L1; L2; : : : ; Ls inR, respe
tively, su
h thatHX(i) = HX0(i)= min�jXj; �i+22 �	 for some i � 0:In other words, if a form F of degree d in R vanishes on (d + 1)-pointson the line de�ned by a linear form M in R, then F is divided by thelinear form M . Throughout this se
tion, we shall not distinguish X fromX0 for 
onvenien
e. For the rest of this se
tion, we shall often use thefollowing exa
t sequen
e.(2.1)0 ! R=IX ! R=IY�R=(L;G) ! R=(IY; L;G) ! 0:Proposition 2.1. X := X(10;10) has generi
 Hilbert fun
tion.Proof. By [7, Theorem 3.8℄ and equation (2.1),H(R=IX;�) : 1 3 � � � 66 78 12-th� 90 !;H(R=IY;�) : 1 3 � � � 66 78 81 81 !;H(R=(L;G);�) : 1 2 � � � 9 9 9 9 !;H(R=(IY; L;G);�) : 1 2 � � � 9 9 
 0 !;H(R=(IY; L);�) : 1 2 � � � 11 12 3 0 !;where � and 
 are unknown. Hen
e it su�
es to show that � = 90, thatis, dimk(IX)12 = 1.Let X1 and X2 be �nite sets of 45 points de�ned by L1; L2; L3; L4; L5; L6;L7; L8; L9; L10, and M1;M2;M3;M4;M5;M6;M7;M8;M9;M10, respe
-tively, where Li andMj are linear forms (see Figure 1), and X := X1[X2.
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L2
L3
L4
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L10M 1 M 2

M 3 M 4
M 5 M 6 M 7

M 8
M 9M 10Figure 1As shown in Figure 1, we have thatL1 vanishes on 13 points P1;2; P1;3; P1;4; P1;5; P1;6; P1;7; P1;8; P1;9; P1;10;Q1;2; Q1;3; Q2;3; Q4;5;L2 vanishes on 12 points P2;3; P2;4; P2;5; P2;6; P2;7; P2;8; P2;9; P2;10; Q1;4;Q3;5; Q3;6; Q5;6;L3 vanishes on 11 points P3;4; P3;5; P3;6; P3;7; P3;8; P3;9; P3;10; Q2;6; Q2;7;Q3;4; Q6;7;L4 vanishes on 10 points P4;5; P4;6; P4;7; P4;8; P4;9; P4;10; Q1;7; Q1;8; Q2;4;Q7;8;L5 vanishes on 9 points P5;6; P5;7; P5;8; P5;9; P5;10; Q2;8; Q4;7; Q4;9; Q7;9;L6 vanishes on 8 points P6;7; P6;8; P6;9; P6;10; Q3;9; Q6;8; Q6;10; Q8;10;M10 vanishes on 7 points Q1;10; Q2;10; Q3;10; Q4;10; Q5;10; Q7;10; Q9;10;M5 vanishes on 6 points P7;8; Q1;5; Q2;5; Q5;7; Q5;8; Q5;9;M9 vanishes on 5 points P7;9; Q1;9; Q2;9; Q6;9; Q8;9;



On the Hilbert fun
tion of the union of two linear star-
on�gurations in P2 557L10 vanishes on 4 points P7;10; P8;10; P9;10; Q4;8;M3 vanishes on 3 points P8;9; Q3;7; Q3;8;M6 vanishes on 2 points Q1;6; Q4;6:By Bezout's theorem, for every N 2 (IX)12,N = �L1 � � �L6L10M3M5M6M9M10for some � 2 k. Thus dimk(IX)12 = 1;whi
h 
ompletes the proof.Theorem 2.2. X := X(10;s) has generi
 Hilbert fun
tion for s � 10.Proof. By Proposition 2.1, this theorem holds for s = 10. Now assumes � 11. We shall prove these with 5 
ases.Case 1. Let 11 � s � 14. First assume s = 11. By Proposition 2.1,H(R=IX;�) : 1 3 � � � 66 78 12-th� 100 !;H(R=IY;�) : 1 3 � � � 66 78 90 90 !;H(R=(L;G);�) : 1 2 � � � 10 10 10 10 !;H(R=(IY; L;G);�) : 1 2 � � � 10 10 
 0 !;H(R=(IY; L);�) : 1 2 � � � 11 12 12 0 !;where � and 
 are unknown. Hen
e it su�
es to show that � = 91, thatis, dimk(IX)12 = 0.As shown in Figure 2, we have thatL1 vanishes on 13 points P1;2; P1;3; P1;4; P1;5; P1;6; P1;7; P1;8; P1;9;P1;10; P1;11; Q1;2; Q1;3; Q2;3;L2 vanishes on 12 points P2;3; P2;4; P2;5; P2;6; P2;7; P2;8; P2;9; P2;10;P2;11; Q3;4; Q3;5; Q4;5;L3 vanishes on 11 points P3;4; P3;5; P3;6; P3;7; P3;8; P3;9; P3;10; P3;11;P3;11; Q5;6; Q5;7; Q6;7;L4 vanishes on 10 points P4;5; P4;6; P4;7; P4;8; P4;9; P4;10; P4;11; Q1;5;Q1;8; Q5;8;M10 vanishes on 9 points Q1;10; Q2;10; Q3;10; Q4;10; Q5;10; Q6;10; Q7;10;Q8;10; Q9;10;



558 Yong Su ShinM9 vanishes on 8 points Q1;9; Q2;9; Q3;9; Q4;9; Q5;9; Q6;9; Q7;9; Q8;9;L5 vanishes on 7 points P5;6; P5;7; P5;8; P5;9; P5;10; P5;11; Q1;6;L6 vanishes on 6 points P6;7; P6;8; P6;9; P6;10; P6;11; Q1;7;M8 vanishes on 5 points Q2;8; Q3;8; Q4;8; Q6;8; Q7;8;L7 vanishes on 4 points P7;8; P7;9; P7;10; P7;11;L8 vanishes on 3 points P8;9; P8;10; P8;11;L9 vanishes on 2 points P9;10; P9;11:By Bezout's theorem, for every N 2 (IX)12,N = �L1 � � �L9M8M9M10for some � 2 k. Moreover, sin
e all the 10-points P10;11; Q1;4; Q2;4; Q2;5;Q2;6; Q2;7; Q3;6; Q3;7; Q4;6, and Q4;7 are not on a single line, and N hasto vanish on those 10-points, where none of L1; : : : ; L9;M8;M9;M10 
anvanish, we see that N = 0. Therefore,(IX)12 = f0g;as we wished.By the same idea as in the 
ase for s = 11, one 
an show that X(10;s)has generi
 Hilbert fun
tion for s = 12; 13, and 14 as well. This 
ompletesthe proof for Case 1:Case 2. Let s = 15. It is from s = 14 thatH(R=IX;�) : 1 3 � � � 105 120 15-th� 150 !;H(R=IY;�) : 1 3 � � � 105 120 136 136 !;H(R=(L;G);�) : 1 2 � � � 14 14 14 14 !;H(R=(IY; L;G);�) : 1 2 � � � 14 14 
 0 !;H(R=(IY; L);�) : 1 2 � � � 14 15 14 0 !;where � and 
 are unknown. Sin
e (IX)15 � (IY)15 = f0g, we see thatX(10;15) has generi
 Hilbert fun
tion, as we wanted.Case 3. Let 16 � s � 23. We 
an show that X(10;s) has generi
 Hilbertfun
tion by the same ideas as in Case 1 for 16 � s � 22 and as in Case2 for s = 23:Case 4. Let 24 � s � 45. We �rst prove for the 
ase s = 24 that X(10;24)has generi
 Hilbert fun
tion. The rest of the 
ase for 25 � s � 45 
anbe also proved by the same methods and thus omitted.
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Figure 2From the 
ase for s = 23, we haveH(R=IX;�) : 1 3 � � � 253 276 23-rd� 321 !;H(R=IY;�) : 1 3 � � � 253 276 298 298 !;H(R=(L;G);�) : 1 2 � � � 23 23 23 23 !;H(R=(IY; L;G);�) : 1 2 � � � 23 23 
 0 !;H(R=(IY; L);�) : 1 2 � � � 23 23 22 0 !;



560 Yong Su Shinwhere � and 
 are unknown. Hen
e it su�
es to show that � = 300,that is, (IX)23 = f0g.Let Pi = fPi;i+1; : : : ; Pi;24g for i = 1; : : : ; 23. As done for the previous
ase, we 
an make X satisfy the following:L1 vanishes on 24 points P1 [ fQ1;2g;...L9 vanishes on 16 points P9 [ fQ1;10g;L10 vanishes on 15 points P10 [ fQ2;3g;...L17 vanishes on 8 points P17 [ fQ2;10g;L18 vanishes on 7 points P18 [ fQ3;4g;...L23 vanishes on 2 points P23 [ fQ3;9g;By Bezout's theorem, for every N 2 (IX)23,N = �L1 � � �L23for some � 2 k. Moreover, sin
e N has to vanish on 22 points in X2 �fQ1;2; : : : ; Q1;10; Q2;3; � � � ; Q2;10; Q3;4; : : : ; Q3;9g, where none of L1; : : : ;L23, vanishes, we see that N = 0. Therefore, (IX)23 = f0g; as we wished.Case 5. Let s � 46. By indu
tion on s; R=IY has generi
 Hilbertfun
tion and thus we have�(s�3)+22 �+ �102 � � �(s�3)+22 �+ (s� 1) = �(s�2)+22 �;and H(R=IY; s� 2) = min��(s�3)+22 �+ �102 �; �(s�2)+22 �	= �(s�3)+22 �+ �102 �:Hen
e H(R=IX;�) : 1 � � � (s�2)-nd� �(s�2)+22 �+ �102 � !;H(R=IY;�) : 1 � � � �(s�3)+22 �+ �102 � �(s�3)+22 �+ �102 � !;H(R=(L;G);�) : 1 � � � s� 1 s� 1 !;H(R=(IY; L;G);�) : 1 � � � 
 0 !;H(R=(IY; L);�) : 1 � � � �102 � 0 !;where � and 
 are unknown.



On the Hilbert fun
tion of the union of two linear star-
on�gurations in P2 561Moreover, sin
e degG = s� 1, we haveH(R=(IY; L;G); s� 2) = H(R=(IY; L); s� 2)= �102 �;and thusH(R=IX; s� 2)= H(R=IY; s� 2) +H(R=(L;G); s� 2)�H(R=(IY; L;G); s� 2)= �(s�3)+22 �+ �102 �+ (s� 1)� �102 �= �(s�3)+22 �+ (s� 1)= �(s�2)+22 �:This means that X(10;s) has generi
 Hilbert fun
tion, whi
h proves Case5, and thus 
ompletes the proof of the theorem.If we 
ouple the work done in [7℄ with Theorem 2.2, we obtain thefollowing 
orollary.Corollary 2.3. If X is the union of two linear star-
on�gurationsin P2 of type t � s with 3 � t � 10 and 3 � t � s, then X has generi
Hilbert fun
tion.By Corollary 2.3, [7, Question 5.6℄ 
an be revised as follows.Question 2.4 ([7, Question 5.6 (revised)℄). Let X := X(t;s) be theunion of two linear star-
on�gurations in P2 of type t�s with 11 � t � s.Does R=IX have generi
 Hilbert fun
tion?Remark 2.5. Indeed, we tried to answer to Question 2.4, and foundthe a�rmative answer for t = 11 as well. But we do not introdu
e theproof for t = 11 in this paper be
ause the ideas are basi
ally the same asfor t = 10. It seems likely that we 
an prove Question 2.4 
ase by 
aseon t, but a general proof is not yet available.Referen
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